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The two-dimensional contact problem (the case of plane stress) of the transfer of a shear force of given intensity to an elastic
anisotropic wedge-shaped plate through an elastic rod of variable stiffness is considered. It is assumed that the rod is connected
to one of the edges of the plate, the other edge is stress-free, and the bending stiffness of the rod is negligibly small. This problem
is solved in closed form by reducing it to the Karleman boundary-value problem for a strip with a shift. Various cases of the
variation of the stiffness of the supporting rod are studied. The nature of the contact shear stress at the vertex of the wedge is
analysed. © 2002 Elsevier Science Ltd. All rights reserved.

Contact problems of the interaction between elastic bodies of various shapes (including wedge-shaped
bodies) and thin elastic elements in the form of stringers or inclusions were considered in [1-3]. Problems
for an elastic isotropic or anisotropic wedge, supported by a rod of constant stiffness [4-7], as well as
the problem for an elastic isotropic wedge, supported along the bisector by an elastic rod of variable
stiffness [8], have been studied by means of boundary-value problems of the theory of analytical functions.

An elastic anisotropic thin wedge-shaped plate occupying an angle -8 < argz < 0,0 <8 <2rnina
plane is considered. One side of the angle arg z = -0 is free and a rod of variable tensile stiffness is
glued to the other side arg z = 0. We will determine the distribution of the contact forces along the
fastening line as well as the elastic equilibrium of the plate under a tangential load of intensity
To(x) Oapplied along the rod. We will assume that the bending stiffness of the rod is negligibly small,
ie. o, = 0.

Frém the equilibrium condition for any part (0, x) of the rod we have

So(x)0(x) - h} (10,(5)=To(s)lds =0, x>0 (1)
0
The condition for complete contact between the elastic rod and the wedge has the form (the prime
denotes differentiation with respect to x)
up(x) =u'(x,0), To(x)=1,,(x,00=7x), x>0 (2)
By Hooke’s law, taking into consideration that O'?, = o, = 0, we have
up(x) = 03(x)/ Eg(x), u'(x,0)=a14T,,(x,0)+a,,0,(x, 0) 3)

Here Ey(x) is the modulus of elasticity of the rod, ay; and a4 are the elasticity constants of the plate,
o)(x), t2(x) and o,(x, y) T,/(x, y) are the normal and shear stresses of the rod and the wedge, respectively,
ug(x) and u(x, y) are the horizontal displacements of the rod and elastic wedge, respectively; sy(x) is the
cross-section area of the rod and 4 is the plate thickness.

Condition (1) can be written, taking Eqs (2) and (3) into account, in the following form

k(X))o (x)+ ky(X)Ux)—AJ(x)=0, x>0 (4)
ki(x)=so(x)Ey(x)ayy, ky(x)=s5o(x)Ex(x)a

X
J(x) = | [T(s) = To(s)lds
0
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The equilibrium condition for the rod has the form
J(e)=0 5)

Consider two planes of the complex variables: z; = x; + iy, 2; = x; + iy,, which are obtained from
the plane z = x + iy by the affine transformations x,, = x + «,y and y, = B,y, B, > 0, respectively,
where s, = a,, + iff, (n = 1, 2) are the roots of the characteristic equation, where s, # s, [9].

The given domain S(-8 < arg z < 0) in the plane of the complex variable z is mapped by means of
these transformations into the domains S,(-6, < arg z, < 0), respectively, in the plane z, (n = 1, 2)
where

tg0, =P, sinB(cosO -0, sinB)”', 0<0, <2n

The problem is thus reduced, by means of well-known relations [9] expressing the components of
the stress vector in terms of two analytical functions, to solving the following boundary-value problem
of the theory of functions of a complex-variable: it is required to find two functions ®,(z;) and ®,(z,)
that are analytical in the domains S, and §,, respectively, with the following boundary conditions

(5, =59, (1) + Gy = 50D, (1) + (55 = 5),P,(1,) =0 (6)
t, =p(cos®—s,sinB), p=[t|=0

(5) = 5)D (1)) +(5) = 5,)P, (1)) + (55 — )P, (t;) = —T(x) @)
h=t,=x>0

2Re[k (x)a®,(x)]) + [k (x) = 200,k ()(x) = A (x), x>0 (8)
a= (Sl —SZ)(S] - 52)

We will assume that the stresses and rotations vanish at infinity and hence consider that for large
|2n ]
D,(z,)=Y,/2,+0(1/2,), n=12

We will also assume that the functions ®4(z,) and ®,(z;) are continuously extended to all boundary
points, except possibly the points z, = 0, at which they satisfy the following conditions

limz,®,(z,)=0 whenz, =0

Thus we will search for the functions ®;(z;) and ®,(z;) in the form

I T An(t) rllnz,,d

®,(z,)= -, S,
(z,) \/EZ" J " Z" Z, € (9)

where

1 A (t) ulnz
=i ndt, n=1,2
n z,,—TO 2 J,,, (10)

At the point ¢ = 0 the integrals are considered in the sense of the principal Cauchy value. It can be
shown that a, = i\ /24, (0) from which it follows that y, = —2a, = i\2n4,,(0). We can also conclude
from Eqs (6) and (9) that a, and a; satisfy the condition

(52 - 52 )a2 = (3:2 -5 )al + (5_'2 - E' )E]
Substituting Eq. (9) into conditions (6) and (7), carrying out a Fourier transformation and solving

the last system for 4,(¢) (n = 1, 2), we obtain

A = (5 = 52)e™¥ + (5, —5)e™" + (55 - 5p)e™ ¥ ]tT(t) (11)

2A(¢ )[
Al =l s, ~ 5, | chyr—|s, -5, 1? ch & + 4PB,B, cos s
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T(t)=—]— [ et(e®)e " dr

N2m .,
y=6,+6,, 6=6,-0,, u=In|cos@-ssinB|-In|cosO—s,sin6|

The function A,(¢) is obtained from the expression for A,(¢) by interchanging s and s, and 6, and 6,.
It is obvious that 7(-t) = T(¢). Since the stress vanishes at infinity, taking the limit in the relation for
T(t) we obtain

o0 3

TO)=Ty/N2r, Ty={ t(t)de=[ to(r)dr
0 0

It can be proved that the function A(f) does not vanish anywhere for real ¢, apart from the point
t = 0, where it has a double zero root. The function in square brackets in the equation for 4,(f) behaves
similarly. Consequently, if the function 7(x) is absolutely integrable, the functions 4(t) and A4,(r) will
be continuous along the whole axis. Thus from Eq. (11) it follows that

(51 = 5)Y = (5 = 5)0 —il(s; = 5,) T
A(0)= < —= (12)
' [si =5, P ¥’ ~15, -5, " 82 - 4B,B,u” 2m
Hence the constants a4, a,, ¥; and y; are determined.

By substituting the value of the function ®,(z;), determined by Eqs (9) and (11), into the boundary
condition (8), by the Vieta formulae for characteristic equations, we get

1 T Al(’) ithh x hx
—_— [ 2P dt -
T L 2w T e

Ay (1y=—B, +By) |5y =5, I shyr + (B, ~By) | s, =5, I shdt+4|ax, —x, | BB, sinpur

J(x)=2Reaaq, (13)

Let ki(x) = dyx® dy > 0 and let o be any real number. After substituting Inx = &, Eq. (13) becomes
g q

.._] . T oM i - 5 s SN7,8
o _{0 ; T(t)e">dr — He ki(i [t(e’) —1y(e’)]e’ds) = 2Reaq, (14)
A1) h
= — k = -1, = —
G@) AG) I a-1, H Z

Differentiating both sides of Eq. (14) and applying an inverse Fourier transformation to the relation
obtained, with the complex variable ¢t = 1, — i€ as a parameter (& is as small a positive number as desired),
we obtain

GO ()- HY(—ik)=F(t), —o—fe<t<+oo—it (15)

(@) =T -Ty(1), F(t)= _§U)T7B(Q

| e'to(e)e " ds

|
TO(I)Z_\/—_?—TT

Suppose k& > 0. The problem considered is reduced to the following problem of the Karleman type
for a strip: obtain the function ¥(z), which is holomorphic in the strip -k — € < Imz < —¢, vanishes at
infinity, is continuously extendable on the strip boundary and satisfies condition (15).

Using results obtained earlier [10], the function ¥(z) can be represented in the following form

_X@ T _F@) ( L )" e _
lP(Z)_?.ikH_J_,-Ex(t—ik) shk(t 2| dr, —k-e<Imz<-¢ (16)

X2) = -'—x,,(z)x(z)shz—"/;z, x(z) = k"“"r("—:‘-z-)exp(iz In /%)
rd
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xk(z)_exp{z—]-k— j lnGk(t)Cth—(t—z)dt}

T1 QT P _Bi+B,
B, +B)AM) 2k T H

Suppose k = 1. If the function T(z) is analytically extendable in the strip ~1 < Imz < 1 and vanishes
exponentially at infinity, it follows from condition (15) and Eq. (16) that the function

Gk(')=_

)= Y(z), -k—-e<Imz<-¢
VO =\ F2) + W2 - 0]/ G2), —e<Imz<k—¢

is holomorphic in the strip -k — ¢ < Imz < k —¢, vamshes exponentially at infinity, is bounded in the
entire strip with the exception of the points z;* = ¢ + it} (j = 0, 1...p), which are the zeroes of the
function G(z) in the upper strip.

Thus, according to Cauchy’s formula, the required contact stress can be represented in the following
form

-1 e "lnn

‘r(x)—to(x)=-j—§_; [ tp(ne " dr = «/—_ f

Consequently, in the vicinity of the vertex of the angle (asx — 0) we will obtain t(x) - To(x) = x*'pg(x),
where @y(x) is a bounded function near the pointx = 0. For large x we get

(1= ik)W(t — ik)e' "~ x gy

2(x) = Ty (x) = 01/ X0

If 0 < k < 1, the function ‘I’(Z), given by Eq. (16), is analytically continuous in the strip -1 < Imz <
1, apart from the points w; = A; + iy (j = 0, 1, ), which are the poles of the function G in this strip.
Then shear stress near the pomtx = ( is represented as follows:

-1 o

X !
7(x) = To(x) = el | (=W —ie " dr +
=
+
V2n
where ¢,(x) is a bounded function for x = 0.
We will now consider the case when k < 0 (a0 < 1), i.e. the stiffness of the rod increases at the vertex

of the angle and vanishes at infinity, and the entire principal vector of external load is transferred to
the wedge. Putting m = —k, when can write condition (15) in the following form

—(pg +1)

res[z2¥(z)e""™*) =¢x +¢,(x), ¢, =const

wg =Ag +ing

G\ (1)— H¥y(t+im) = F(1), —oo—i€ <t <+4oo—IE (17)

Consider the following problem: it is required to find a function ¥,(z) which is holomorphic in the
strip —m — € < Imz < m — ¢, vanishes at infinity and is bounded in the entire strip, apart from the points
z7 =t +iy (j =0,1,...,q) which are the zeroes of the function G, in the lower half-space.

If the following problem is solved: find the function Wy(z), which is holomorphic in the strip
-£ < Imz < m - ¢, vanishes at infinity and is continuously extendable at the strip boundary due to the
boundary condition (17), then the solution of the previous problem will be the function

Wy (2), —e<Imz<m-¢

h= {[F(z)+ H¥o(z+im)/ Gz), ~m-e<Imz<-e

Using the results obtained previously [10], the function ¥, can be represented in the form

x(2) ”T"E F(t)
2imH _ Xt +im)

W (2) =~ shZ(-2))"dr, (18)
m

x(z) = lxm(z)fc(z)sh—’—‘—z, %(2) = m"”'"r( )exp(-—zz InHy'™)
z 2m m
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If 15 < 1, then the function W¥,(z) is analytically extendable in the strip -1 < Imz < m - ¢ and the
shear stress T(x) — To(x) is bounded at the pointx = 0. If 1y > -1, then the function ¥,(z) has the pole
closest to the real axis at the point zy = ¢, + i1y, the function T(¢) — T(t) has a similar character and
the unknown contact stress near the point x = 0 can be represented in the form

=(tg+1)

T(x) —To(x) =cyx + @5 (x)

For large x we have
T(x) =~ To(x) = O(1 / x"*™)
Ifa =1 (k = m = 0), condition (17) gives
W(z) = F()(G(2) - H)
and the shear stress has the form
T(x)—To(x)=0(x*") as x>0, A=Imp

where u is chosen from the zeros closest to the real axis of the functions A(z) and G(z) — H in the lower
half-space.
For o < 1, when 6 = 7, i.c. the anisotropic body is a half-plane, the function

G(z)=—(B, +B,)zcthnz

has a single pure imaginary root zy = —/2 in the strip -1 < Imz < 0, and the shear stress near point
x = 0 has the form

T(x)— To(x) = cz,x—y2 +@,(x)
When 0 = 2n, i.e. the body occupies the entire plane, cut along the positive part of the real axis, then

G(Z) = -(B| + Bz )z cth2mz

This function has pure imaginary roots zy = —i/4, z; = -3i/4 in the strip -1 < Imz < 0, and the shear
stress as x — 0 has the following form:

(%)~ T(x) = €35 +cox 4 + 93 (x)

Here ¢,(x) and @s(x) are bounded functions for x = 0 and ¢», ¢3 and ¢, are constants.

For 1 < o = 2, when 6 = 7, the function G, has a pole at the point w; = —, the shear stress is
bounded in the vicinity of the vertex of the angle. When 8 = 2r asx — 0 the shear stress has a singularity
of the order of the square root.

Similar results are obtained in the case of an isotropic body [4].

Now consider an orthotropic body. Then

A(0)==(B, +B2)B, —By)* shyr+ (B, +B,) (B, —P,)shdr
A(t)= (B, —B,)> chyr— (B, +PB,)* chdr +4B,B, cosur

It can be proved that, for 0 < 8 < 7, the equation A(t) = 0 can have only an imaginary root in the
strip -1 < Imz < 0, and the equation A(z) = 0 does not have any roots in this strip. Moreover, for 6
< w2 (0, < 6; < m/2), the equation A(z) = 0 does not have any roots in the strip -1 < Imz < 0.

For o < 1, if = 2m/3, the function A,(z) has zeroes at the points z; = —-i/3, z; = -2i/3 and the stress
at the point x = 0 has the estimate

) = To () = &5 P+ &0 B+ 3 (x)

where @3(x) is a bounded function for x = 0, and ¢; and ¢, are constants.
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When /2 < 0 < m, by choosing the numbers & and y or the numbers 8; and 3,, we can achieve that

the equation A;(z) = 0 has a root in the strip —~1 < Imz < 0. This means that the stress t(x) — ty(x) can
be bounded as well unbounded at the point x = 0.

o

~N
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